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Abstract
A general strategy is formulated for computing bound state spectra in the framework of functional
renormalisation group (FRG). Dynamical ”coordinates” characterising bound states are introduced
as coupling parameters in the n-point functions of effective fields representing the bound states in
an extended effective action functional. Their scale dependence is computed with functional renor-
malisation group equations. In the infrared an interaction potential among the constituting fields is
extracted as smooth function of the coupling parameters. Eventually quantised bound state solutions
are found by solving the Schro¨dinger eigenvalue problem formulated for the coupling parameters
transmuted into coordinates. The proposed strategy is exemplified through the analysis of a recently
published FRG study of the one-flavor chiral Nambu–Jona-Lasinio model. 1
1 Introduction and motivation
Bound states of two particles appear as (complex) pole singularities in two-particle propagators. In
practice this propagator is parametrised with finite number of intuitively chosen parameters. Approximate
solution of the bound state problem consists of finding optimised values of the parameters, reflecting the
expected qualitative physical features.
A widely used procedure in quantum chemistry is the Born-Oppenheimer approximation[1], where the
electronic wave function is parametrised with a fixed static distance of the two nuclei. The corresponding
Schro¨dinger energy eigenvalues are smooth functions of the nuclear coordinates. The optimisation step
consists of the determination of the probability amplitude of the distance distribution, which is realised
by solving the Schro¨dinger-equation for the quantum motion of the nuclei. Similar approach is used in
heavy quark spectroscopy of QCD, where in a first step the interquark potential is determined through
the exchange of dynamical gluons and quarks between static colored sources, and next the Schro¨dinger-
problem of the quark sources is solved in this potential[2]. The interquark potential is found by measuring
the correlator of two Polyakov-lines on a space time lattice, and extracting the renormalised interaction
potential after appropriately subtracting the self-energies of the individual lines[3]. In both physical
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problems the binding energy (the missing mass) is orders of magnitude smaller than the complete mass
of the composite.
The quality of these approximate scenarios depends critically on the decoupling of the dynamics of the
”force field sources” from the rest of dynamical degrees of freedom and also on the hierarchical ordering
the subsequent contributions to the complete energy. It is highly desirable to construct a systematic
procedure which can test whether the internal dynamics of the candidate subsystems is influenced only
through some collective effects (like the interaction potential) emerging from the motion of the rest of
the complete system. One possible approach is to introduce collective fields/wave functions representing
the prospective bound state with help of an auxiliary function.
In this short note a strategy is put forward to determine a smooth interrelation between different pa-
rameters characterising the propagator and the coupling of the auxiliary field representing the composite
(bound) degree of freedom to the original fields. Functional renormalisation group equations are ideal
in searching for these functional relations. On the basis of such stable, physically meaningful relations
one can proceed to the second stage and solve the quantum equations for the reduced set of parameters
describing the internal quantum dynamics of the composite field. The proposition for a general strategy
is described in detail in section 2. It is applied in section 3 to the symmetric phase of the chiral Nambu–
Jona-Lasino model for which an interaction potential has been determined non-perturbatively among the
fermionic constituents recently[4].
This specific model, where chiral symmetry forces the defining fields massless, represents some addi-
tional interest to us. The very accurate ab initio reconstruction of the lowest lying baryon spectra with
light quarks[5] is one of the greatest success of lattice field theory. However, the lattice approach does
not offer any insight on the emergence of the concept of constituent quark mass, which is the basis of the
widest used non-relativistic quark models. Effective models of chiral dynamics from the earliest days[6]
relate this mass to the chiral condensate of strong interactions, which raises, however, the question of the
existence of hadronic bound states in the phase of restored chiral symmetry. In a broader context of the
Standard Model the mechanism of producing vector and scalar bound states with light (relative to the
Planck mass) fermions was a central problem also for V.N. Gribov[7].
2 The strategy
Consider a quantum theory of defining fields ϕ(x). Its solution is encoded into the effective action
Γ[ϕ] from which all n-point functions can be extracted through appropriate functional derivatives. The
straightest way to look for bound states formed with N = 2, 3, ... constituent fields is to look into the
analytic structure of the 2N -point functions. This program is technically difficult, maybe even impossible
to realize. It is more realistic to consider a collective field introduced in the channel where one searches
for the existence of a bound state:
H(x)↔
∫
[ΠNi=1dyi]O(x− y1, ..., x− yN )ϕ(y1)...ϕ(xN ) (1)
where O(z1, ..zN ) characterizes the space-time stucture of the compound system. The collective field is
introduced into the theory as an auxiliary field, for instance with help of the quadratic expression:
∆Γ[H,ϕ] =
M2H
2
∫
dx
[
H(x)− g
M2H
∫
[ΠNi=1dyi]O(x− y1, ..., x− yN )ϕ(y1)...ϕ(xN )
]2
, (2)
2
with scale dependent new couplings M2H , g. The hunting for the bound state focuses now on the two-point
function of H(x) taking into account the effect of the quantum fluctuations of the field ϕ by running
the renormalisation group equations formulated for the Euclidean theory [8, 9]. Theories extended this
way were used for investigating bound states in Refs.[10, 11, 12] (see also the recent careful analysis of
Ref.[13]). Detailed discussion of the mesonic bound state spectra was based on this kind of transformed
QCD first in Ref.[14]. In this investigation composite fields were defined locally, without any internal
structure. As a consequence only the first stage of the strategy to be outlined below has been realized and
the renormalized mass-spectra without including any effect of the internal dynamics of the constituents
was fitted to the observed meson spectra.
The trial two-point function is parametrised in the Euclidean version of the theory in a way reflecting
the expected occurrence of a pole:
GH(p) =
ZH
p2 +M2H
+ polynomial background. (3)
The infrared values of the scale dependent parameters are controlled by the evolution of the coupling
(vertex) function O(z1, ..., zN ) weighting the contributions emerging from the interacting defining fields.
For instance the simple trial form for the Fourier transformed vertex function
O(q1, q2, ..., qN ) ∼ Πi6=je−αij(qi−qj)2 × e−β(Q−
∑
qi)
2
(4)
introduces a spatio-temporal range α = supij{αij , β} to which all constituents are restricted. One can
easily invent higher cluster distance restrictions.
The interesting case is when the scale dependent parameters stay close to their classical (UV) values
and their infrared values change smoothly (slowly) with the input (initial) values. Under this assumed
behavior one can anticipate the existence of a smooth functional relation between the important structural
parameters of the effective action, for instance
M2H(IR) = M
2
H(α(IR)). (5)
This function is the central object of the proposed strategy. Its existence cannot be guaranteed, it is
expected only intuitively. The next task is to deconstruct carefully this function. For large α0(UV )
one expects the particles corresponding to N fields to fill uniformly the space of linear size α
1/2
0 . One
has to expect that M2H(IR, 0) tends to a limiting value when α0 increases beyond any limit. For this
limiting case the change δM2H(0) ≡M2H(IR, 0)−M2H(UV, 0) can be interpreted as the sum of one-particle
self-energy contibutions to the invariant squared ”mass”, since the initial value M2H(UV ) is the classical
squared mass of the N -field complex. The interesting question concerns what happens with this difference
when α (e.g. the available volume) is diminished gradually?
Generically, for α1(UV ) < α0(UV ) one finds δM
2
H(1) ≡ M2H(IR, 1) −M2H(UV, 1) 6= δM2H(0). The
difference reflects the interaction among the constituents. One can map out the dependence of this
interaction squared energy on the squared size by gradually changing α(UV ). This simple disentanglement
of the different contributions can be expressed formally for any given α as
M2H(IR) = M
2
H(UV ) + δM
2
H(0) + ∆M
2
H(interaction). (6)
The second part of the strategy consists of solving the quantum mechanical N-body problem with
identical particles of squared classical mass m2H = (M
2
H(UV ) + δM
2
H(0))/N moving in the generalized
3
potential [∆M2H({αij})]1/2. mH corresponds to the constituent mass formed dynamically. If one uses
the relative coordinates (αi<j)
1/2 the simplest Hamiltonian defining the quantum mechanical problem is
Hˆ =
∑
i<j
pˆi2ij
2mH
+ [∆M2H(interaction)]
1/2, (7)
where pˆiij is the momentum conjugate to α
1/2
ij . Bound state solutions of this system correspond to
eigenvalues lower than (M2H(UV ) + δM
2
H(0))
1/2. The difference is the binding energy. By the examples
quoted in the introductory part one expects good quality results if mH >> [∆M
2
H(interaction)]
1/2.
In conclusion, this general strategy based on extracting the renormalised interaction potential with
help of renormalisation group equations in principle offers an equivalent procedure to the numerical
simulation and renormalisation of the appropriate correlations in the framework lattice field theories. In
the next section a concrete realisation of the above general strategy is presented.
3 Two-particle bound state in the symmetric phase of the one-
flavor chiral NJL model
In our recent paper we have introduced a collective field in the sense of (1) for the degenerate scalar-
pseudoscalar two-fermion sector of the chiral NJL-model. A single ”slow” variable α(UV ) was introduced
in a Gaussian ansatz like (4). Infrared values of M2S = M
2
PS ≡ M2C(t = −∞) were obtained by solv-
ing a coupled set of Wetterich equations. Slowly tuning α(UV ) from 350 to 2.85 smooth variation of
M2C(IR, α(UV )) was detected (see Fig.1).
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Figure 1: RG-variation (as a function of t = ln(k/Λ)) of the quantum contribution to the squared
composite mass δM2C(α(k = Λ)) = M
2
C(t = −∞, α(k = Λ))−M2C(t = 0, α(k = Λ)) in units of Λ2. From
the top to the bottom curves with diminishing αr(k = Λ) are presented. From Ref.[4]
Next we have performed the analysis summarized in Eq.(6) resulting in the smooth ∆M2C(α(UV )Λ
2)/Λ2
function (see Fig.2): From this figure one can extract the dimensionless curvature d2[∆M2C ]
1/2/d(α1/2)2/Λ3
at the minimum to be denoted (for dimensional reasons) by Ω3. To a very good approximation the di-
mensionless reduced mass of the two-particle state is µC ≡ [M2C ]1/2/2Λ. The Schro¨dinger eigenvalue
equation for the dimensionless binding energy  = E/Λ can be written with help of the dimensionless
radial momentum p = pi/Λ and the dimensionless radial distance x = α1/2Λ as(
1
2
p2
µC
+
1
2
Ω3x2
)
Ψ = Ψ. (8)
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Figure 2: Dependence of the interaction energy of the composite on α(t = 0)Λ2 = α(k = Λ)Λ2 the cut-off
value of the size parameter. From Ref.[4]
It is important to note that near the minimum (α(t = 0)Λ2)−1 ∼ 1/2 which is much larger than
|∆M2C/Λ2| ∼ 0.007, therefore one consistently can use non-relativistic quantum theory for dealing with
the internal dynamics.
One can estimate the ground state energy using the uncertainty principle of Heisenberg in the form
px ∼ 1. An important peculiarity of the present NJL system is the observation made upon Fig.3, namely
in the infrared limit one has xµC → const. ≡ K. The limiting value of the constant is reached very slowly
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Figure 3: RG-variation of the product of the squared boson mass and of the width of the composite
”wave function”. From Ref.[4]
and it very weakly depends on α(UV ). It equals approximately 2. The best approximation is to take
K = xminµC(xmin).
This leads to
Hˆ = Λ
(
x
2K
p2 +
1
2
Ω3x2 + min
)
, (9)
where min ≈ −0.007 by the figure. Replacing x everywhere by 1/p in view of the uncertainty relation
one finds the condition for the extremum of (p):
d
dp
=
1
2K
− 1
p3
Ω3 = 0 (10)
which gives for the ground state energy
 =
3
2
(2K)−2/3Ω + min. (11)
5
4 Conclusions
In this note we proposed a strategy for extracting the renormalised interaction potential of the constituting
objects of a bound state from the renormalised squared mass parameter M2H defined in (2). This potential
might turn out a smooth continuous function of the length-like parameters
√
αij characterising the
function O(x−y1, ..., x−yN ) linking the constituents to the composite field H(x) representing the bound
state. The renormalisation group evolution of the parameters M2H , αij as described, for instance, by the
Wetterich equation, is the result of the action of the fluctuations of the elementary fields defining the
model. The internal quantum dynamics of the constituents of the bound state leads to discrete energy
levels. This dynamics is defined in an admittedly intuitive step, adding non-relativistic kinetic terms
to the potential energy defined through momentum variables canonically conjugate to the length-like
parameters and a constituent mass emerging from the infrared limit of M2H . Of course the consistency
of the non-relativistic nature of the dynamics should be checked.
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